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\ Abstract 

(N 

Let A n (n > 1) be the set of all integers x such that there exists a connected 
graph on n vertices with precisely x spanning trees. In this paper, we show that 

| -An | grows faster than y/ne^^ n ^ logr \ This settles a question of Sedlacek posed 

j*'. in 0. 

•*-> 

1 Introduction 

J. Sedlacek is regarded as one of the pioneers of Czech graph theory. He devoted much 
of his work to the study of subjects related to the number of spanning trees r(G) of a 
graph G. In [7] he studied the function a[n) denned as the least number k for which 
\ there exists a graph on k vertices having precisely n spanning trees. He showed that 

for every n > 6, it holds: 



a(n) < I „l 



if n = (mod 3), 
ifn = 2 (mod 3). 



Azarija and Skrekovski [T] later found out that if n > 25 then: 



a(n) < 



s±4 ifn = 2 (mod 3), 
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—~r^ otherwise. 
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Sedlacek continued to study quantities related to the function r. In j6] and [8] he 
considered the set B l n defined as the set of integers so that x G B l n whenever there 
is a t-regular graph on n vertices with precisely x spanning trees. He showed that 
for odd integers t > 3, lim^oo \ B t 2a \ = oo and whenever t > 4 is an even integer 
lima^oo \B^\ — oo. In ^] he also studied a more general set - A n defined as a set 
of numbers such that x G A n whenever there exists a connected graph on n vertices 
having precisely x spanning trees. One could think about \A n \ as the maximal number 
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of connected graphs on n vertices with mutually different numbers of spanning trees. 
Using a simple construction, he has shown that: 



hm = oo 

n— >oo Tl 

and remarked: it is not clear how the fraction -^r- behaves when n tends to infinity. 
In modern terminology, we could write his result as \A n \ = ui(n) since f(n) = u(g(n)) 
whenever |/(n)| > c|g(n)| for every c > and n > n for an appropriately chosen uq. 

In this paper, we extend his work and show that \A n \ = u(y/ne ^ n/Iog "). In order 
to prove the result we define the graph C xlt _ tXk as follows. Let 3 < X\ < ■ ■ ■ < x^ be 
integers. By C xu _ >Xk we denote the graph that is obtained after identifying a vertex 
from the disjoint cycles C Xl , . . . , C Xk . Since C X1 , . . . , C Xk are the blocks of C Xu _ tXk , it 
follows that 

k k 

r(C Xl ^ Xk ) = and \V(C Xl ^ Xk ) \ — Xj — k + 1. 

i=l i=l 

We also introduce some number theoretical concepts. We say that (xi, . . . ,Xk) is a 
partition of n with integer parts 1 < x\ < • • • < X}. if Yli=i x i = n - The study of 
partitions covers an extensive part of the research done in combinatorics and number 
theory. If we denote by p(n) the number of partitions of n then, the celebrated theorem 
of Hardy and Ramanujan [3] states that 

p{n) 



4nV3 
or, equivalently 

Em— ?W = = 1. 

rwoo 1 

Since then, asymptotics for many types of partition functions have been studied [2]. 
For the interest of our paper is the function p p (n) which we define as the number of 
partitions of n into prime parts. In [5] Roth and Szekeres presented a theorem which 
can be used to derive the following asymptotic relation for p p 

p p (n) ~ evlvViog^ 

Somehow surprising is the fact that if we disallow a constant number of primes as parts, 
the same asymptotic relation still holds. More specifically, if p p(^) is the number of 
partitions into odd primes then 

Po P (n) ~P P (n). 
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2 Main Result 

In this section we prove that \A n \ = u(yjne^^ n ^ logn ) by showing that 

hm , = oo. 



n— >oo 



s/ne^ 



7%\/ n l lo g™ 



We do so by estabilishing a lower bound for the number of partitions whose parts are 
only odd primes and whose sum is less than or equal to a given number n. 

Lemma 1. Let P n be the set of all partitions (x\, . . . , x^) with Yli=i Xi < n and all the 
numbers Xi, . . . ,Xk being odd primes. Then, there exists a n Q such that for all n > n 



\P n \ > iv^oi^e^vW^. 
Proof Let n\ be such a positive integer so that for all n>n\ 

I \ \ 1 Hi\/n/ log" 

Po P {n) > -ev^V / . 

For n > ni we then have 

\P n \ = > ^ £ ^ 5 / evlv^^. 

i=3 1 i=m 1 Jn ^ X 

Showing that J™ _ 1 e^^ x ^ log * da; ~ l°g ne ^ '° g ™ would imply the exis- 

tence of a positive integer n2 such that 



Ht\/~xl logs j ^ 1 / — ^ ^Ts\fnl log » 

/ ev^v / cte > n log ne ^ v 7 



for all n > U2- The statement of the theorem would then immediately follow for all 
n > hq where uq = max{ni,ri2}- To prove the last asymptotic identity we observe that 
it follows from L'Hospital's rule that 

lim — — ^=^= = lim -^=^=- = 1. 

^Vnlognev^v / & ^_^y±^/ n \ g ne ^\ / s j 

□ 

Lemma [H readily gives an asymptotic lower bound for 



Theorem 2. \A n \ = u(^ie^ n,Xosn ) 
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Proof. Let P n be defined in the same way as in the statement of Lemma [TJ To every 
partition (x\, . . . , Xk) G P n with sum s = 5^i=i x i we associate the graph obtained after 
identifying a vertex from C Xlt ___ tXk with a vertex from the disjoint path P n - s +k- Observe 
that the resulting graph has precisely n vertices and n*=i x i spanning trees. Since 
all the parts in the partitions are primes it follows that any pair of graphs that were 
obtained from two different partitions in P n have a different number of spanning trees. 
Thus 

\A n \ ^ \P'ii\ 

and therefore from Lemma [I] we know that for large enough n 

|Ai| > - ynlogTie^ 3 v . 

Since 

1 / — i %\/«7^og" 

j^/nlogne^v 1 6 
lim ^ = oo 

it follows from the squeeze theorem that 

i • I An I 

lim -j^=^ = oo 

from where the stated claim follows. □ 

Observe, that all the graphs constructed in the proof of Theorem [2] contain a cut 
vertex. Since almost all graphs are 2-connected [lj it is reasonable to expect that there 
exists a construction of a class C n of 2-connected graphs of order n with mutually 
different number of spanning trees such that |C n | = w(|P n |). We thus leave it as a 
further investigation to try to improve the bound on the growth rate of |-A n |- 
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